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^ Introduction 

^ . A K3 surface X is a compact complex surface with Kx ~ and H^{X, Ox) = 0. An 

Enriques surface is a compact complex surface with H^{Y, Oy) = H^iX, Oy) = and 
CN I 2Ky ~ 0. The universal covering of an Enriques surface is a K3 surface. Conversely 

every quotient of a K3 surface by a free involution is an Enriques surface. Here a free 
^ ■ involution is an automorphism of order 2 without any fixed points. 

<^ . The moduli space of Enriques surfaces is constructed using the periods of their 

! covering K3 surfaces. Precisely speaking, an Enriques surface determines a lattice- 

[ polarized K3 surface and vice versa, so that the moduli space of Enriques surfaces 

can be described by the moduli space of lattice-polarized K3 surfaces. We note that 
even if we do not fix any polarization on Enriques surfaces, their covering K3 surfaces 
automatically have a lattice-polarization. Then, what happens if we drop the lattice- 
^ ! polarization of the covering K3 surface? 

jy-^ I We will call two Enriques quotients of a K3 surface distinct if they are not isomor- 

■ phic to each other as varieties. In his paper [3], Kondo discovered a K3 surface with 

two distinct Enriques quotients. He computed the automorphism groups of the two 
^ . quotients. Since then, as far as the author knows, no other examples have been found. 

^ ! In this paper we investigate this phenomenon. We show that K3 surfaces with 

more than one distinct Enriques quotients have 9-dimensional components (neither 
irreducible nor closed) in the period domain. Moreover we compute the exact number 
^ ' of distinct Enriques quotients at a very general point of each component (Proposition 

13.61) . This generalizes Kondo 's example in an arithmetic way and results in the following 
unboundedness theorem. 

Theorem 0.1. For any nonnegative integer I, there exists a K3 surface X with exactly 
2^+10 digiino^i Enriques quotients. In particular, there does not exist a universal hound 
for the number of distinct Enriques quotients of a K3 surface. 
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We also generalize Kondo's example in a geometric way. Its construction is due 
to Mukai j^. We introduce his construction and show that a generic Kummer surface 
X of product type (see Section 4) has exactly 15 distinct Enriques quotients, which can 
be constructed from classical Lieberman's involution and Kondo-Mukai's involution. 

Theorem 0.2. X has exactly 15 distinct Enriques quotients which are naturally in 
one-to-one correspondence with nonzero elements of the discriminant group of NS{X). 

From the theoretical point of view, we first show the following finiteness theorem 
on the automorphism group of a K3 surface X using a theorem of Borel. 

Theorem 0.3. In Aut(X) there are only finitely many conjugacy classes of finite 
subgroups. 

This theorem concerns us because it bounds the number of distinct Enriques quo- 
tients for any K3 surfaces. 

Corollary 0.4. Every K3 surface X has only finitely many distinct Enriques quotients. 

The usage of the theorem of Borel is suggested by an anonimous referee. We remark 
that Corollary 10.41 follows also from our counting method described in Section [21 There, 
to count the exact number of distinct Enriques quotients, we consider more directly 
the embeddings of the Enriques lattice U{2) © £^{2) into Neron-Severi lattices. 

Notations and Convention. 

Our main tool is the theory of lattices and their discriminant forms. Here we collect 
some basic definitions about them. See [7] for the detailed exposition. 
A lattice L is a free Z-module of finite rank equipped with a Z- valued symmetric 
bilinear form. L is said to be even if for all I & L,!"^ & 2Z. In this paper we treat only 
even lattices, so that we sometimes omit mentioning the evenness. For a lattice L, 
there is a natural homomorphism c : L —>■ L* = Hom(L, Z) defined by / i-^ (/, ■). L is 
said to be nondegenerate if c is injective, and unimodular if c is bijective. For m G Q, 
L{m) denotes the same underlying group equipped with the form multiplied by m, 
assuming that it is Z-valued. U, Eg and denote the lattices given by the matrix 
( 5 q), the Dynkin diagrams of type E^ and respectively. We understand the latter 
two to be negative definite. 

A finite quadratic form is a triple {A, q, h) where A is a finite abelian group, g is a map 
A — >■ Q/2Z and 6 is a bilinear map A x A — Q/Z which is symmetric and satisfies 

q[x + y) = q{x) + q{y) + 2b{x, y), x,y e A. 

In the following we abbreviate b{x,y) (resp. q{x)) to xy (resp. x^) and sometimes 
{A, q, b) to {A, q). We call the norm of x. As in the lattice case, we have a natural 
homomorphism c : A —>■ A* = B.om{A, Q/Z) defined by using b. {A, q) is said to be 
nondegenerate if c is bijective. 

For an even nondegenerate lattice L, we can canonically associate a finite quadratic 
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form {AL,qL), called the discriminant quadratic form of L, by putting Ai := L* / L 
and qi is the one naturally induced from the linear extension of the form on L to 
L* C L ® Q. The discriminant group of U{2) (resp. D4) is denoted by ^(2) (resp. 
^(2)). 

For a lattice L, 0{L) (resp. O^qi)) denotes the integral orthogonal group of L (resp. 
of {AL^qi)). We note that there is a natural homomorphism '■ 0{L) Oi^qi). 
(resp. Lc) is the scalar extension of L to M (resp. C). 

The author is grateful to Professor Shigeru Mukai for many helpful discussions and 
suggestions. He indicated the example in Section |H He is also grateful to Professors 
Shigefumi Mori and Noboru Nakayama for many valuable comments throughout the 
seminars. 

1 Finiteness of conjugacy classes of finite subgroups 

First we collect some basic definitions about surfaces. Let X be a surface. 
It is known that all K?) surfaces are diffeomorphic. A K3 lattice is a lattice isomorphic 
to H\X, Z) = f/®3 © E®2_ ^j^g pg^j^^ namely Cujx = H^'^X). NS{X) = 

utji r\H'^{X, Z) is the Neron-Severi lattice of X. Tx = {NS{X))-^ is the transcendental 
lattice of X. 

We recall the structure of the integral automorphism group 0{NS) of NS{X). 
Definition 1.1. 

1. The positive cone Cx is the connected component of {x G NS{X) C?> ffi| > } 
which contains an ample divisor. 

2. The ample cone Ax is the subcone of Cx generated as a semigroup by ample 
divisors multiplied by positive real numbers. 

Definition 1.2. 

1. The Weyl group Wx of X is the subgroup of 0{NS) generated by automorphisms 
of the form : x ^— x + {xl)l for all elements / G NS{X) with = —2. 

2. 0\NS) := {v? G 0{NS)\v{Cx) = Cx}. 

3. 0+{NS) := G 0{NS)\v{Ax) = Ax}- 

4. Oo{NS) := ker(a^s : 0{NS) ^ Oiq^s))- 
Further we use the abbreviations 

OliNS) = Oo{NS) n 0\NS) and 0+{NS) = OoiNS) n 0+{NS). 

O^NS) is of index 2 in 0{NS). The inclusions Oo{NS) C 0{NS) and 0^{NS) C 
0~^{NS) are of finite index since 0{qp^s) is a finite group. 
The following relation between these subgroups are important. 
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Proposition 1.3. We have (1) Wx C Ol{NS), (2) 0\NS) = Wx ^ 0+{NS) and 
(3) OliNS) = Wx>^ 0^{NS). 

Proof. Since the generator si G Wx acts trivially on the hyperplane Hi orthog- 
onal to / which intersects with the positive cone, Wx preserves the positive cone. If 
X e NS*, then G Z and Si{x) = x modulo ZZ. This proves (1). We have the semidi- 
rect product decomposition as in (2) because Wx and 0\NS) are discrete subgroups 
of the isometry group of the Lobacevskii space modeled in Cx and Wx is a reflection 
group with ample cone as its fundamental domain. See [12]. The proof of (3) is the 
same. q.e.d. 

We proceed to the proof of Theorem IU.3[ For brevity, we say that a group G has 
property (FP) if G has only finitely many conjugacy classes of finite subgroups. For 
example, let G be an algebraic group defined over Q. Then Gz has property [FP) by 
[TTl Theorem 4.3] which we call the theorem of Borel. 

Lemma 1.4. 

(1) Let a : G K be a homomorphism of groups. Ifima has property (FP) andkera 
is finite, then G has property (FP). 

(2) Let G = W y\K he a semidirect decomposition of a group G. If two finite subgroups 
Fi,F2 C K are G-conjugate, then they are also K-conjugate. In particular if G has 
property (FP), then so does K . 

(3) Let H G G be a subgroup of finite index. If G has property (FP), then so does H. 

Proof. (1) Let Pi, ■ ■ ■ , be the complete representatives of conjugacy classes of 
finite subgroups of ima. Then any conjugacy class of finite subgroups of G has a 
representative included in at least one of a~^(Pj), (j = 1, ■ ■ ■ , ra). 

(2) Assume F2 = gFig^^. g can be written as g = wk, w G W, k G K. If fi E Fi satisfy 
/2 = gfig-\ then we have (kfik^^y^fi = {kf{^k-^wkfik~^)w-^ E W D K = {!}. 
Hence kfik~^ = f2. Thus Pi and P2 are conjugate hj k E K. 

(3) Again let Pi, ■ ■ ■ , P„ be the complete representatives of conjugacy classes of finite 
subgroups of G. We put G/H = {aiH, ■ ■ ■ , arH}. Then the conjugacy classes of finite 
subgroups of H are represented by {a^^PjOili = 1, ■ ■ ■ , r and j = 1, ■ ■ ■ , n}. q.e.d. 

Now we show Theorem 10.31 In our words. 

Theorem 1.5. Let X be a K3 surface. Then Aut(X) has property (FP). 

Proof. First we assume that X is projective. Consider the representation r : 
Aut(X) — 0{NS). Since every automorphism in kerr fixes an ample divisor, kerr is 
finite. Thus it is enough to show that imr has the property {FP) by Lemma Fl. 4( 1). 
By the theorem of Borel above, 0{NS) has property (FP). Then, by Lemma Fl. 41 and 
Proposition 11.31 the property (PP) goes down to 0^{NS) and 0~^{NS). Now by the 
global Torelli theorem [10], imr contains Oq{NS), since (f G Oq{NS) preserves the 
ample cone Ax and can be extended to an isometry of if^(X, Z) which acts trivially 
on Tx. Thus we obtain 

0+{NS) C imr C 0+{NS) 
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and these inclusions are of finite index. We see that imr has the property (FP) by 
Lemma ll .4( 3). 

Next we assume that X is not projective. Nikuhn [H] shows that any automorphism 
of X of finite order acts on Tx trivially. Therefore it is enough to show that G = 
ker(Aut(X) —>■ 0{Tx)) has property (FP). We consider the representation r : G ^ 
0{NS). 

If alg. dim(X) = 0, then NS{X) is negative definite. Hence NS{X) © Tx is of finite 
index in H'^{X, Z), r is injective and G is finite since 0{NS) is a finite group. 
If alg. dim(X) = 1, then NS{X) has one- dimensional kernel Ze and Q := N S{X) /TjC 
is negative definite. Every element of G fixes e since = and exactly one of e and 
— e is represented by an effective cycle. Thus r induces s : G ^ 0{Q). Let g & G 
be an element of finite order. Since the fixed part H'^{X, Z)^ is nondegenerate by the 
lemma below, it follows that if s{g) = idg then g = idx- On the other hand, 0{Q) is a 
finite group. Thus Aut(X) has only finitely many elements of finite order and Aut(X) 
has property {FP). q.e.d. 

Lemma 1.6. Let L be a nondegenerate lattice and let g be an isometry of L of finite 
order n. Let M = = {x E L\gx = x} be the fixed lattice. Then M is nondegenerate. 

Proof. Let 7^ x G M. Since L is nondegenerate, there exists y E L with xy 7^ 0. 
Put z = y + g{y) + ■ ■ ■ + g^'^{y). Obviously z G M and we have 

xz = xy + g{x)g{y) H h g'''^{x)g'^~^{y) = nxy ^ 0. 

Therefore M is nondegenerate. q.e.d. 

As a corollary. Corollary 10.41 follows. In fact, if two free involutions ii and ^2 are 
conjugate by an automorphism g, then g induces an isomorphism between X/ii and 

2 Number of distinct Enriques quotients 

The isomorphism classes of Enriques quotients are exactly the conjugacy classes of 
free involutions by the next proposition. 

Proposition 2.1. Let X be a K3 surface and let ii and 12 he free involutions on X . 
Then, X/ii and Xji^ are isomorphic if and only if there exists an automorphism g of 
X such that giig"^ = 12- 

Proof. The "if" part is trivial; see the sentence after Lemma II. 6[ Conversely, 
let h be an isomorphism from Yi := X/ii to Y2 := X/i2. It induces an isomor- 
phism of the canonical line bundles h*]CY2 ~^ ^Yi- Since X and Yi,F2 are related as 
X = Spec(Oy^. © /Cy^) j = 1,2, h induces the following commutative diagram 

X X 



X/zi > X/12 
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where vr denotes the covering map. It is clear that g is the desired automorphism of 
X. q.e.d. 



We put 

a primitive sublattice which satisfies 

(A) : M = f/(2)©E8(2) \ 

(B) : No vector of square —2 in NS{X) is orthogonal to M. J 

Recall that U (B Eg is the Enriques lattice (modulo torsion) and U{2) © Es{2) is 
the pullback in the covering K3 lattice. For each M G OK, we define an isometry 
iM '■ Z) H'^{X,Z) by iM{m) = m when m E M and iM(^) = when is 

orthogonal to M. This is well-defined because M = U{2) © Es{2) is 2-elementary. 

Proposition 2.2. On a surface X, there is a one-to-one correspondence between 
free involutions on X and primitive sublattices M of NS{X) which satisfy (A) and (B) 
above and the following 
(C) M contains an ample divisor. 

In other words, im defined above is a free involution if and only if M contains an ample 
divisor. Also any free involution can be written in the form im- 

Proof. We associate a free involution with its invariant sublattice in H'^{X,'Z). 
The statement follows from f6l Corollary 2.5], [9l Theorem 4.2.2, pl426] and the strong 
Torelli theorem for K3 surfaces [10]. In [9], the assumption is slightly different from 
ours, but the same proof goes. q.e.d. 

To count the number of distinct Enriques quotients, we consider the natural action 
of 0{NS) on m, 

0{NS) 3ip: ip{M) G 971. 

Corresponding lattice automorphisms satisfy i^p(M) = '^HiV^^- 

In the following, Aut(Tx,a;x) is the subgroup of 0{Tx) consisting of the integral 
orthogonal transformations whose scalar extention to C preserves the period CuJx C 

Theorem 2.3. Let Mi, ■ ■ ■ , G 9Jt 6e a (finite) complete set of representatives 
for the action of 0{NS) on 071. For each j = 1, ■ ■ ■ , k, let 

K'^i) = {^e 0{NS)\^{Mj) = Mj} 

be the stabilizer subgroup of Mj and a(K^^^) its canonical image in 0{q]\fs)- We put 

k 

i?o = $^#(0(g^5)/a(ir(^))). 

i=i 

(1) The number of distinct Enriques quotients of X does not exceed Bq. 
(2) If a : 0{NS) 0{q]\fs) is surjective and if Aut{Tx,uJx) = {iid}, then X has 
exactly Bq distinct Enriques quotients. 



Tl 
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Proof. First we remark that by Proposition 1.15.1 in [7j, the set of representatives is 
always finite. In view of Proposition 12. 11 we can count the number of distinct Enriques 
quotients separately for each orbit 0{NS) ■ Mj. Hence, for simplicity, we fix an orbit 
and omit the index j so that we use the symbols M := Mj, O := 0{NS) ■ M and 
K = K^^l 

Step 1. O contains an element which corresponds to a free involution. 
Proof. The following is a standard argument used in Our proof is taken from 

[B]. By the condition (A) in Proposition 12. 2^ M nCx 7^ 0- Consider in Cx countably 
many hyperplanes Hd = {x G NS^^lxd = 0}, where d runs over (—2) vectors in NS. 
The union UH^ is a locally finite closed subset in Cx and does not contain M by the 
condition (B). The complement Cx — ^Hd is a collection of (at most) countably many 
connected open sets, namely chambers, which corresponds to the elements of Wx in 
one-to-one way. The ample cone Ax equals one of the chambers. Thus if we choose 
f G M n Cx — Uifrf, there exists G Wx C 0{NS) such that ip{v) is an ample divisor. 
□ 

Thus we can assume that im is already a free involution of X. Next we set 

9^ := {M' G 0\iM' is a free involution}. 
Step 2. m = 0+{NS)-M. 

Proof. D follows from Proposition 12.21 Let ip G 0{NS) and suppose i^(M) is a 
free involution. We can assume ip G 0\NS), since otherwise —ip G O^NS) and 
(— (/?)(M) = ip{M). By Proposition 11.31 we can write ip = wip with w G Wx and 
Ip G 0'^{NS). Using Lemma[I]l](2), = wi^i^M)W~'^ implies i^{M) = ^{m)- There- 

fore <p{M) = ^{M). □ 

Step 3. Let ipi,ip2 £ 0~^{NS). If cr^ipj) have the same class in 0{qNs)/o'{K), then 
itpi(M) and i^2{M) are conjugate in Aut(X). 

Proof. By the assumption cr(?/']~V2) G cr(fr), so there exists ip E K such that 
a{ip) = a{ip^'^ip2)- It follows that a{ipiipip2'^) = id, so that ilJiipip2'^\Ns together with 
idxx gives an automorphism a of X, by the Torelli theorem. It follows that 

By now, we have proved that O contains at most jj^O{qi\]s) / <^{K) distinct Enriques 
quotients. Assertion (1) follows. 

Step 4. If Aut(Tx, ci^x) = {±id}, then the converse of Step 3 holds. 

Proof. Assume there exists ip G Aut(X) such that ipiji)^[M)'P~^ = itp2{M), which is 

equivalent to ipipi{M) = ip2{M) and to ^/'a'V^i ^ K. By the assumption, (j{ip) = ±id 

which is contained in the center of 0{qNs)- It follows that :La{tl)2^il)i) G (y{K). We 

remark that — id G (y{K) since (j{iM) = ~ id. Therefore we get a(?/'2"Vi) G a{K).n 

Step 5. If a is surjective, then the restriction <j\o+{ns) is also surjective. 

Proof. Put N = M"*- in NS. Since M is 2-elementary, t = {— id-M, idA?) extends to an 

isometry of NS. t doesn't preserve the positive cone. Therefore 0{NS) is generated 

by t and 0^{NS). This implies the surjectivity of 0^{NS) 0{qNs)- By Proposition 

11.31 the assertion follows. □ 

Now the proof is complete. q.e.d. 
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Lastly we mention a useful theorem of Nikulin in ^ which saves us from checking 
one of the conditions in Theorem 12.31 (2). 

Theorem 2.4 (Nikulin). Let T be an even indefinite nondegenerate lattice satisfying 
the following two conditions: 

(1) rank(T) > /(^Tp) + 2 for all prime numbers p except for 2. 

(2) z/rank(T) = 1{At2), then qt^ contains a component u{2) orv{2). 

Then the genus of T contains only one class, and the homomorphism 0{T) 0{qT) 
is surjective. Here At^, denotes the p-component of the finite abelian group At and I 
denotes the number of minimal generators. □ 

3 Enriques quotients of surfaces in the Heegner 
divisors 

In this section we prove Theorem lO.li We deal with certain divisors of the period 
domain S) of U{2) © £'8(2)-polarized marked surfaces. Fix the unique primitive 
embedding of U{2) © Es{2) in the K3 lattice A. Then D is by definition 

D := {[cj] e mU{2) © Esi2))^)\iu'^ = 0, lulu > 0}. 

Here P(V^) means the associated projective space of a complex vector space V, which 
consists of all lines through the origin. It follows from the surjectivity of the period map 
that every point of D corresponds to a K3 surface X with a marking Z) = A. 

Let S* C A be a primitive sublattice of rank 11 containing the lattice U{2) © E^(2) 
fixed above. Then the subset 

D{S) := {[u] G P(5c)k^ = 0, ujuj> 0} 

is called the Heegner divisor of type S* in 2). Let X be a marked K?) surface whose 
period is in T){S). Since NS{X) is written as A fl u;^, NS{X) contains the primitive 
sublattice 5*. 

Proposition 3.1. If X corresponds to a very general point ofD{S), namely to a point 
in the complement of a union of countably many closed analytic subset of D{S), then 
we have NS{X) = S and Aut(Tx,uJx) = {±id}. 

Proof. This is a well-known fact. For the latter, the same proof as in [H Lemma 
2.9] works. q.e.d. 

We consider the case when 

S = U{2)®Es{2)(B{-2N), 

where {—2N) is the rank 1 lattice whose generator g has g^ = —2N. It is easy to see 
that the K3 lattice A contains S" as a primitive sublattice. We fix it once and for all. 
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The discriminant form of S is isomorphic to g = u{2)®^ © c{—2N), where c{—2N) is 
the discriminant form of (— 2iV). 

Let the integer N he N — 4pi ■ ■ - pi, where Pi, • • • ,Pi are distinct odd prime num- 
bers. In the next we compute the order of 0{q). 

Lemma 3.2. 

#{x e c(-2N)\oTd(x) = 2N,x^ = -1/2N (mod2Z)} = 2^+\ 

e c(-2iV)| ord(x) = 2N,x'^ = 1- 1/2N (mod2Z)} = 2^+\ 

Proof. The left-hand-side of the first equahty is 

4f{k e Z|(fc, 2Ar) = 1, 1 < A; < 2A^ - 1 and - k'^/2N = -1/2N e Q/2Z} 
= {l/2)#{k e Z\ik, m) = 1, 1 < A; < 4iV - 1 and A;2 - 1 = 0(mod4Ar)} 
= (l/2)#{x e (Z/4iVZ)^|ord(a;) = 1 or 2}. 

Then we can use the structure theorem of the unit group (Z/4iVZ)^. Similarly the 
left-hand-side of the latter is 

#{A; e Z\{k, 2N) = l,l<k<2N-lsind - k'^/2N = 1 - 1/2N e Q/2Z} 
= {l/2)4{k e Z|(A;,4A^) = 1, 1 < A; < 4Ar - 1 and A;^ = 1 - 2N(^odAN)} 
= (1/2)#{A; e Z|(A;,4A^) = 1, 1 < A; < 4A^ - 1, A;^ = l(mod2A^) and A;^ ^ l(mod4Ar)}. 

Using the commutative diagram 

{Z/ANZy — ^ {Z/2^ZY®{I.Ip^---p{LY 



{Z/2NZY {Z/2^ZY®{Z/pi---piZY 

where a, (3 are both 2:1 maps, we can count the number of elements which have order 
2 in the bottom row but do not in the top row. q.e.d. 



Proposition 3.3. 0{q) acts transitively on the set of elements x & q with x"^ = 
— 1/2N (mod2Z). There are 2^^^^ such elements. 

Proof. Such element x generates a subgroup (x) isomorphic to c{—2N). Since it is 
nondcgcncratc, is a direct summand in q. This implies the transitivity. If we put 
the number of elements in u{2)®^ with norm to be A and norm 1 2^" - A. we can 
compute the length of the orbit as 2'+^ • A + 2'+^ • (2^° - A) ^ 2^^+K q.e.d. 

Under these computations we can prove 

Theorem 3.4. For any nonnegative integer I, there exists a K3 surface X with exactly 
2^+10 djgfi^Qf Enriques quotients. 
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Proof. By Proposition 13. ![ there exists a K3 surface X such that NS{X) = S and 
Aut(Tx,u!x) = {=tid}. We show that the primitive embedding of U(2) © -£^8(2) into 
NS{X) is unique under the action of 0{NS). In fact, since NS{l/2) is again an even 
lattice, we have a natural identification 

Hom(f/(2) © ^8(2), NS) = Hom(f/ © ^8, NS{l/2)). 

We see that any primitive embedding as above is a direct summand. This clearly im- 
plies the uniqueness. 

Obviously NS{X) has a primitive sublattice M isomorphic to U{2) © £'8(2) and 
M"*- = {—2N). Let K be the stabilizer group of M and clK) its canonical image in 
0{qNs)- Since A^^ ^ M©M^ we see that K = 0{M) x O(M^) = 0(M) x {±idA/x}. 
On the other hand by Theorem 12.41 : 0(M) 0{qM) is surjective. This shows 
a{K) = 0(m(2)®5) X {±id} C 0{qM © g*/^) = O(g^s). Thus #(0(g^5)/f^(^)) = 
#0(g7V5)/2#0(M(2)®5) = 2^0+^ by Proposition O This together with Theorem 
12. 3|2. 41 completes the proof. q.e.d. 

In fact we can classify all the possible Neron-Severi lattices of a surface with Picard 
number 11 having an Enriques quotient. In each case, we can compute the number 
of Enriques quotients as follows by an explicit calculation. Details are omitted. The 
result is as follows. 



Proposition 3.5. Let X he a K?> surface with Picard number 11 having an Enriques 
quotient. Then the Neron-Severi lattice of X is one of the followings. 

Type I : U{2) © ^8(2) © {-2N) {N > 2) 
Type II : f/ © Eg (2) © (-4M) (M > 1). 



If we put 2N = 2^p^^ ■■■pf in type I, or 4M 
Bq in Theorem 12.31 is as follows. 



2'^pI^ ■ ■ - Pi^ in type II, the bound 



Proposition 3.6. Bq = < 



(25 + 
2«+io 

1 

2i-i 

221+5 



in Type I and e = 1 
1) ■ 2'+'* in Type I and e = 2 
in Type I and e > 3 
in Type II and e = 2,1 = 
in Type II and e = 2,1 > 
in Type II and e > 3 



The lattice S we used fits in the third case. 



4 Enriques quotients of generic Kummer surfaces 
of product type 

Kondo found the first example of a K3 surface which has two distinct Enriques quo- 
tients in [21 Remark 3.5.3], where he computed the automorphism groups of the two 
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quotients. Recently Mukai generalized Kondo's example which we now describe. 

Kummer surfaces of product type. Let Ci and C2 be elliptic curves and con- 
struct the Kummer surface as X = Km{Ci x C2). We put the 2-torsion points of Ci 
(resp. C2) as {hi = 0,62,&3,&4} (resp. {ci = 0,02,03,04}) and denote by 6 the natural 
rational map of Ci x C2 to X. Let Ek (resp. Fk) be the image of Ci x {ck} (resp. 
{bk} X C2) by 6. Then X has the configuration of 24 smooth rational curves as in 
Figure [H where Gij is the exceptional curve corresponding to {bi,Cj) e Ci x C2. 
Sometimes it is called the double Kummer configuration. In the following we introduce 
two kinds of free involutions on X with parameters. 

Involutions of Lieberman type. Let a = [hi, Cj) G Ci x C2 be a 2-torsion point 




Fi F2 F3 F4 



Figure 1: the double Kummer configuration 

not lying on Ci x {0} or {0} x C2. Let r (resp. p) be the involution of X induced by 
the automorphism (— id^^, idc^j) (resp. the translation by a) of Ci x C2. Then a = rp 
is a free involution. We remark that a has the parameter i,j with 2 < i, j < A. 

Involutions of Kondo-Mukai type. Let r be as above. X/r is isomorphic to x 
with sixteen points blown up, which correspond to Gj/s in Figure[Tl We regard P^ x P^ 
as a smooth quadric in P^ so that there are morphisms 

X > X/t > Pi X Pi C P3. 

£ 

Choose two permutations / = ^2, "^3, "^4} and J = {ji, j2, js, Ja} of {1,2,3,4} and 
we put gk = s{Gi^^j^) G P^ x P^ We project P^ x P^ onto a hyperplane = P^ of P^ from 
g^. This birational map e' contracts two curves whose images we denote by P and 
Q G P^. Let = e'{gk), k = 1,2, 3. Then we obtain two involutions on X: One is the 
covering transformation u of the degree 2 map X — >■ P^. The other involution p is in- 
duced by the unique Cremona transformation of P^ centered at ^1,^25^3 interchanging 
P and Q. Then a = upis & free involution. It can be shown that a depends only on the 
set {Gii^j^}i<k<4- See for such canonical description of this involution. Therefore 
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the parameter is the set {Gjj.jj,}i<fc<4. There are twenty-four choices of parameters in 
appearance, but we will reveal that there are essentially six. □ 

If Ci and C2 are chosen to be general enough, we see that 



NSiX) = U®Es®Df, Tx = U{2)®\ Ans{x) = u{2)®^ and Aut(Tx, cox) = {± id}. 



We will call such X a generic Kummer surface of product type. In the following 
main theorem of this section we classify the all free involutions on X. 

Theorem 4.1. Let X he a generic Kummer surface of product type. Then X has 
exactly fifteen distinct Enriques quotients which are naturally in one-to-one correspon- 
dence with nonzero elements of A]\fs{x)- Moreover all of them can be geometrically 
constructed from the preceding examples by choosing appropriate parameters. 

We remark that the Lieberman involutions correspond to nine elements of norm 
of A]sfs{x) and Kondo-Mukai involutions to six elements of norm 1. In the rest 
of this section we prove Theorem 14. 1[ First we determine the isomorphism classes of 
primitive embeddings of M := U{2) ® Es{2) C S = U ® Eg ® Df^. This step is purely 
lattice-theoretic. We use the following theorem of Nikulin ^ Propositions 1.5.1 and 



Theorem 4.2. Let M C S be a primitive embedding of even nondegenerate lattices. 

Put N := M"*". Then the following isomorphisms exist. (Note that (1) expresses As in 

terms of Am and A^ while (2) expresses A^ in terms of Am and As.) 

(1) There are subgroups Tm C Am,Tn C A^ and a sign-reversing isometry 7 : Tm — *■ 

Tjy such that if T is the pushout of j, namely T = {(x,7(x)) G Am © An\x G Tm}, 

then 



(2) There are subgroups Tm C Am,Ts C As and a sign-reversing isometry 7 : Tm 
Ts such that ifT is the pushout of'-f, then 



Assume M is a primitive sublattice of S which is orthogonal to no (—2) vectors of S. 
Then 

(1) := M"*" is isomorphic to Es{2). 

(2) There are exactly two such primitive sublattices up to the action of 0{S). 

Proof. By Theorem 14.21 (2). An is a 2-elementary abelian group and qn takes only 
integral values on An. On the other hand, is a negative definite lattice of rank 8. 
This implies 



1.15.1]. 



qs = {qm © givlr-L/r). 



Qn = {-Qm © fclr-L/r). 



Proposition 4.3. Let 



S = U®Es®Df and M = U{2) © ^3(2). 




< a < 4, or 
< a < 3. 
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by the decomposition theorem of 2-elementary finite quadratic forms (see [71 Proposi- 
tion 1.8.1]). 

Checking the signature of {A^, Qn), "we see that the latter does not occur. In all other 
cases, we find that N has a unimodular overlattice of rank 8, i.e., Eg. The index 
[Eg : A^] is given by 2". 

Claim. Let N G Eg be an overlattice and assume N contains no (—2) vectors. Then 
[Eg : N]>9. 

Proof. We take a basis of Eg as in Figure [21 Consider the elements /o := 0, fj := 
ci + ■ ■ ■ + Cj, I < j < 7 and fg := 2ei + 3e2 + 4e3 + 5e4 + 665 + Acq + 2ej + ?>eg. It is 
easy to see that any difference fj — fi, < i < j < 8 has norm —2. This means that 
every /j is a distinct element of the reminder class group Eg/N. □ 



ei 



62 



63 



64 



65 



67 



Figure 2: Dynkin diagram of type Eg 



Thus we obtain An = u{2)®'^. Therefore N has the maximal number of minimal gen- 
erators of the discriminant group. This implies that for any n G A^, n/2 G A^*. In 
particular A^(l/2) is a unimodular lattice. Thus we see that = Eg{2) and (1) is 
proved. 

For (2), we use the notation introduced in Theorem 14. 21 (1). Since qM®qN is nondegen- 
erate #1 = #1^ = (#Am ■ ifA^/ifAsy/' = 2\ Therefore = #A^/#r = 2 and 
we can put V-^ = {0, zjy}. There are two cases where qN^z^) = 0, 1. Thus there are 
at least two distinct primitive embedding of M C S*. On the other hand, the canonical 
homomorphism ctm '■ 0{M) O^qu) and ajq '■ 0{N) O^qjq) are both surjective by 
Proposition 12.41 and pLj. Thus the primitive embedding of M C S" is classified by the 
invariant qN{zN) as we see from the following argument. 

Claim. Let Mi and M2 be two primitive sublattices of S satisfying the assump- 
tion. For each k = 1,2, we use the same notation as above, indexed by k. If 
qNi^ZN^) = qN2{zN2)j then there exists ip G 0{S) which transforms Mi onto M2. 
Proof. By Witt's theorem on the finite quadratic forms, there exist ipM and ipN fitting 
in the square inside. 

Ami 3 Tmi — TaTi C 



Am2 3 r 



M2 



72 



C a 



N2 



Again by Witt's theorem we can extend ipM (resp. ip^) to (.pM (resp. ipjq) in the 
diagram. By the surjectivity of ctm and mentioned above, these isomorphisms lift 
to an isomorphism between Mi © A^i and M2 © A'2 which preserves the overlattice S. 
This was the assertion. q.e.d. 
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Remark 4.4. The same but geometric situation of the proposition is considered in 
[3]. There (1) is proved by a geometric method. 

Now we regard 5* as the Neron-Severi lattice NS of a generic Kummer surface of 
product type. To see the natural correspondence in Theorem 14. 11 we have to associate 
a free involution with an element of A^s(x) = A^s- 

Definition 4.5. Let M = U{2) © E^{2) C iVS* be a primitive sublattice. We use the 
same notation as in Proposition 14.31 Then we define the patching element vm £ ^ivs 
associated with the primitive sublattice M to be the image of the element (0, zn) G 
Am © An in A^s under the isomorphism of Theorem 14.21 (1). 

We note that vm 7^ 0. Also we note the equality qN^z^) = qNsiyn)- Using vm, we 
can describe the group aj^s{K) in the Theorem 12. 3[ Recall that K C 0{NS) is the 
stabilizer subgroup of M. 

Lemma 4.6. a^siK) is equal to the stabilizer subgroup G^j^j C 0{qNs) of VM- 
Proof. According to the isomorphism in Theorem 14.21 (1), we consider the group 

H := {{aM,aN) e 0{qM) x 0(gAr)|aA/(rAf) = TM,aN{TN) = TN,aMl = 7aiv} 

and decompose aiys as K — - — > H — - — > 0{qNs)- Since an automorphism in K pre- 
serves Tm and Fjv, it is clear that cr^siK) C Gy^^j. 

We prove the converse, a^siK) D G^,^^. First we note that p is surjective since ctm 
and (Tat are both surjective as seen in the proof of Proposition 14. 3[ Thus it is enough 
to see img D G^^^j. By Theorem 14. 2[ we have an isomorphism 

qM = {qN(BqNs\r'^)/r' (1) 

where P' is an isotropic subgroup of qN © qNS which is a pushout of an isomorphism 
7' : P'^ — >• T'j^g between subgroups of A^r and A^s respectively. Using the same 
notation of Proposition 14.31 it is easy to see that P' = {0, {zn,vm)}- 
Suppose we are given an element P G G^j^^. Then the automorphism 

(id^,/5) G O(gAr) X O^q^s) 

clearly preserves P' and induces an element G Oi^qu) under the isomorphism ([T]). 
Since the element (0, vm) of the right-hand-side of ^ corresponds to zm, oim preserves 
zm- By construction umI = 1^^^ holds and therefore (aM,id7v) G H. q.e.d. 

Proposition 4.7. Let Mi and M2 be the fixed lattices of two free involutions ^Mu'^M2 
on X . Then they give the isomorphic quotients if and only if their patching elements 
coincide. 

Proof. Suppose X/imi — X/iM2- There exists ip G Aut(X) such that (p{Mi) = M2. 
ip preserves the overlattice NS so that we have ip{zMi) = and (Ti^s{.v)iyMi) = vm2- 
On the other hand, ip acts on A^vs trivially by the assumption of the theorem. Thus 
we see vm^ = vm2- 
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Conversely assume the patching elements vm G -A-ns concide. By Proposition 14.31 the 
primitive embeddings Mi and M2 are isomorphic and there exists (/? G 0{NS) such that 
(p{Mi) = M2, namely ipiMif~^ = '^M2- By assumption, (Tns[v){'^m) = vm- We can as- 
sume if G 0\NS) by replacing ip by — if necessary. According to Prop osit ion 1 1 . 3 1 ( 2 ) . 
(f = w^jj where w G WOc, ^ 0+(A^S'). Then Lemma O (2) implies ^p{Ml) = (M2). 
On the other hand, since w acts on A^s trivially, (JnsW = (^Nsif) and this element 
fixes Vm- We apply Theorem 12. 3^ Step 3 to M = Mi,ipi = ^','^2 = idAr^. Both ipi and 
id stabilize vm, therefore their images by a^s have the same class in 0{qNs)/'^Ns{K) 
by the previous lemma. Thus the conclusion holds. q.e.d. 

Next we compute the patching elements of involutions of Lieberman and Kondo-Mukai. 
They involve parameters as mentioned in the beginning of this section and we have 
to consider the dependence of patching elements on the parameters. This is directly 
done. We take the following basis of A^s- 

ei = (Gn + Gi3 + G31 + G33)/2, fi = (G22 + ^23 + ^32 + ^33)72, 

62 = (G2I + ^23 + G31 + G33)/2, /2 = (G12 + Gi3 + G32 + ^33)72. 

Then the result is as in Figures [3||H 



P2 
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Figure 3: Lieberman involutions 

From these figures we can see which patching element we obtain when we choose a 
parameter of a geometrically constructed free involution. In Figure HI we normalized 
the cases to only 24 = = 4. 

Since the vectors in Figures 1311^ run all over A^s — {0}, we obtain 

Proposition 4.8. The two kinds of free involutions gives the all distinct Enriques 
quotients of X . 

The proof of Theorem 14.11 is completed. 

Remark 4.9. (1) The involution r acts trivially on NS{X). So it induces a numer- 
ically trivial involution on the fifteen Enriques quotients. The Kondo-Mukai case of 
this is the last and missing result of [5], first found in [3]. 

(2) The number of Enriques quotients can be computed in other 2-elementary cases. 
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Figure 4: Kondo-Mukai involutions 
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using the argument of this section. 

When NS{X) = U{2) © E^'^, the Barth-Peters case, the number Bq is equal to 1. 
When NS{X) = U{2) © -^§(2), then X has only one Enriques quotient. 
Finally using the result of [5|, we see that in other 2-elementary cases X has no En- 
riques quotients. 

(3) The generators of the whole automorphism group Aut(X) are found in [2]. 
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